ヒセンケイ カセキブンケイ ノ オウヨウ カイセキ ノ シンテンカイ ヒセンケイ カセキブンケイ ノ ケンキュウ ノ ゲンジョウ ト テンボウ by 中村, 佳正
Title非線形可積分系の応用解析の新展開(非線型可積分系の研究の現状と展望)
Author(s)中村, 佳正











$f( \lambda)=\frac{q_{n-1}\lambda^{n-1}+\cdots.+.q_{0}}{\lambda^{n}+p_{n-1}\lambda^{n-1}+\cdot+p_{0}}=\frac{q(\lambda)}{p(\lambda)}$ , (1)
Rat $(n)$ . , $\lambda\in C,$ $\{p_{0}, \cdot, . ,p_{n-1}, q_{0}, \cdots, q_{n-1}\}\in \mathcal{R}^{2n}$ ,
$p(\lambda),$ $q(\lambda)$ . Rat $(n)$ $\mathcal{R}^{2n}$ induce





$\lambda$ $-\infty$ $\infty$ , $f(\lambda)$ \infty $\infty$
$\infty$ \infty Cauchy . Cauchy
Hermite-Hurwitz [1]. $f(\lambda)$ Lourant
$f(\lambda)=\Sigma_{k=1}^{\infty}h_{k}\lambda^{-k}$ Hankel
$H_{k}=(\begin{array}{lll}h_{0} h_{1} h_{k-1}h_{1} h_{2} h_{k}\vdots \vdots \vdots h_{k-1} h_{k} h_{2k-2}\end{array})$ , (2)




, $H_{n}$ $0$ . $H_{n}$ $i$ j ,
, $sgnH_{n}$ $\{-n, -n+2, \cdots , n\}$ , Cauchy
. Cauchy $PJ,$ $q!$
, Rat $(n)$ $n+1$ . Cauchy
$i-j$ $Rat^{i-j}(n)$ . , Cauchy $n$
$n$ $\lambda_{k}$ ,
$f( \lambda)=\sum_{k=1}^{n}\frac{r_{k}^{2}}{\lambda-\lambda_{k}}$ , $r_{k}>0$ , $\lambda_{j}\neq\lambda_{k}$ (3)







$\frac{dx_{k}}{dt}=\frac{\partial H}{\partial y_{k}}$ , $\frac{dy_{k}}{dt}=-\frac{\partial H}{\partial x_{k}}$ (5)





$a_{k}= \frac{1}{2}\exp(\frac{1}{2}(x_{k}-x_{k+1}))$ , $b_{k}=- \frac{1}{2}y_{k}$ (6)
,
$\frac{da_{k}}{dt}=a_{k}(b_{k+1}-b_{k})$ , $\frac{db_{k}}{dt}=2(a_{k^{2}}-a_{k-1^{2}})$ , (7)
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. , $a_{0}=0,$ $a_{n}=0$ . , $a_{k},$ $b_{k}$ Jacobi





$a_{n-1}b0_{n}\backslash$ , $M(t)=(\begin{array}{llll}0 a_{1} 0-a_{1} 0 \ddots \ddots \ddots a_{n-1}0 -a_{n-1} 0\end{array})$ , (8)
. , Lax
$\frac{dL}{dt}=[M,$ $L]$ , (9)
. Jacobi $L(t)$ $n$
$f(\lambda)=e_{n^{T}}(\lambda I-L)^{-1}e_{n}$ , $e_{n}=(0$ . . . $01)^{T}$ (10)
. $a_{j}(t)>0$ , $f(\lambda)$
$f( \lambda;t)=\sum_{j=1}^{n}\frac{r_{j}(t)^{2}}{\lambda-\lambda_{j}}$ , $\sum_{j=1}^{n}r_{j^{2}}=1$ , $r_{j}>0$ , $\lambda_{j}\neq\lambda_{j}$ (11)
. , Lax
Rat $(n)$ 1 $-$ [4]. Lax




$f(\lambda;t)$ $t$ , $\sum_{j}^{n_{=1}}r_{j^{2}}=1,$ $d\lambda_{j}/dt=0$
$\frac{dr_{j}}{dt}=-\lambda_{j}r_{j}+r_{j}\sum_{k=1}^{n}\lambda_{k}r_{k^{2}}$ , $j=1,$ $\cdots,$ $n$ (13)





$r_{i^{2}}= \frac{\exp(\frac{1}{2}\alpha_{j})}{\sum_{k-arrow 1}^{n}\exp(\frac{1}{2}\alpha_{k})}$ (14)
, $\alpha_{j}$ “
$\frac{d\alpha_{j}}{dt}=-\lambda_{j}$ (15)
, $r_{j}$ Moser . ,
$\mathcal{R}^{2n}=\{\lambda_{j}, \alpha_{j}\}_{1\leq j\leq n}$ . $\lambda_{j},$ $\alpha_{j}$
, $\lambda_{j}=\lambda_{0j},$ $\alpha_{j}(t)=\alpha_{0j}-\lambda_{j}t$ , ’ .
, $f(\lambda;t)$ Laurent $f(\lambda;t)=\Sigma_{k=0}^{\infty}h_{k}\lambda^{-k-1}$ Markov
$\{h_{k}\}$ ,
$h_{0}=1$ , $h_{k}(t)= \sum_{j=1}^{n}r_{i^{2}}(t)\lambda_{j}^{k}$ (16)
, Moser
$\frac{dh_{k}}{dt}=2h_{1}h_{k}-2h_{k+1}$ , $k=1,2,$ $\cdots$ , (17)
. , Kac-van Moerbeke [5]
. , $s=-2t\in \mathcal{R}$ , $\{g_{k}\}$
$\frac{d\log g}{ds}=h_{1}$ , $g>0$ , $\frac{g_{k}}{g}=h_{k}$ , $k=0,1,$ $\cdots$ (18)
. ,
$\frac{dg_{k}}{ds}=g_{k+1}$ , (19)
. , Moser .
Markov Hankel $H_{k}$ $gH_{k}$ $W_{k}$ , $W_{k}$
$-$
$\tau_{k}$ . ,
$W_{k}=(\begin{array}{lll}g g_{1} g_{k-1}g_{1} g_{2} g_{k}\vdots \vdots \vdots\backslash g_{k-1} g_{k} g_{2k-2}\end{array})$ , $\tau_{k}=\det W_{k}$ . (20)
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$\{g_{k}\}$ $dg_{k}/ds=g_{k+1}$ , $\tau_{k}$ Wron-
sky
$\tau_{k}=\det(\begin{array}{lll}g \partial g \partial^{k-1}g\partial g \partial^{2}g \partial^{k}g\vdots \vdots \vdots\partial^{k-1}g \partial^{k}g \partial^{2k-2}g\end{array})$ , (21)
, , $\partial=d/ds$ . $\tau_{k}=\tau_{k}(s)$
,
$g(s)= \sum_{j=1}^{n}\exp(c_{1j}s+c_{2j})$ , $c_{1j}\neq c_{1k}$ (22)
. , (12) $sarrow\infty$ $\tau_{k}$
$\rangle$




$\tau_{k}$ . $f(\lambda;s)$ Rat $(n)$
.
1 $n$ $\tau_{k}(s)$ $n$ (to-
tally positive) Hankel , ,
$\tau_{k}(s)$ $>$ $0$ , for $k=1,$ $\cdots,$ $n$ ,




, $\tau_{k}$ , $\partial_{x}g=\partial^{2}g$ $x$ , $\tau_{k}=\tau_{k}(s, x)$
Broer-Kaup [7]
$\partial_{x}u=\partial(\partial u+2uv)$ , $\partial_{x}v=\partial(v^{2}+2u-\partial v)$ (26)
k- . 1 , Broer-Kaup
N- $(N\geq n+1)$ , ,
. , , $i\partial_{t}g=\partial^{2}g$ , $\tau_{k}=\tau_{k}(s, t)$
coupled nonlinear Schr\"odinger










. 1 $\tau_{k}>0,$ $(k=1, \cdots, n)$ , Hankel $W_{n}$
. , Hankel
$Hank_{+}(n)=$ { $W_{n}|W_{n}$ : Hankel} (28)
$dg_{k}/ds=g_{k+1}$ . ,
$0$ , ,
$PD(n)$ [8] , $Hank_{+}(n)$
PD $(n)$ . , $Hank_{+}(n)$ $\nabla$-affine , $\nabla^{*}- affine$
$W_{n},$ $-W_{n^{-1}}$ . ,












[4] $n$ - Rat $(n)$ Rat $\ell_{(n)}$
(cyclic Toda hierarchy) . cyclic





$f(\lambda)=q(\lambda)/p(\lambda)$ $\lambda$ $n$ , $n-1$
, Euclid
$r_{j}(\lambda)=c_{j+1}s_{J+1}(\lambda)r_{j+1}(\lambda)+r_{4+2}(\lambda)$, $r_{0}(\lambda)=p(\lambda)$ , $r_{1}(\lambda)=q(\lambda)$ (30)
, $\deg r_{j}(\lambda)>\deg r_{j+1}(\lambda)$ $\{r_{j}(\lambda)\}$ , ,





, , $d_{1}=c_{1}^{-1},$ $d_{!+1}=c_{j}^{-1}c_{j+1}^{-1},$ $j=1,2,$ $\cdots,$ $k-1$ . $Rat^{\ell}(n)$
$k$ $s_{j}(\lambda)$ $\alpha_{j}$ , $d_{j}$ $\beta_{j}$
. ,
$\alpha=(\alpha_{1}, \cdots, \alpha_{k})$ , $\alpha_{j}=\deg s_{j}$ ,
(32)
$\beta=(\beta_{1}, \cdots, \beta_{k})$ , $\beta_{j}=$ sgn $d_{j}$
, $Rat^{\ell}(n)$ $\alpha,$ $\beta$ $C_{\beta}^{\alpha}$




. , Rat(2) 6
$Rat^{-2}(2)$ $=$ $C_{(-1,-1)}^{(1,1)}$ , $Rat^{2}(2)=C_{\langle 1,-1)}^{\langle 1,1)}$ ,
Rat(2) $=$ $C_{(-1,1)}^{(1,1)}\cup C_{(1,1)}^{\langle 1,1)}\cup C_{(1)}^{(2)}\cup C_{1-}^{(2)_{1)}}$ (34)
. , Rat(3), Rat(4) 18, 54 . [10]
$a_{j}(t)\geq 0$





, [4] cyclic Toda hierarchy Rat(2) $C_{\beta}^{\alpha}$
. Rat $0_{(2)}$ $t=t_{2}$







. , $k\in \mathcal{R}$
$j$







. , , ,






. , Itoh[ll] 2 4
, Lax .
2 $i,$ $i=1,$ $\cdots,$ $2s+1$ , , $i$
$j$ , $i$ $j$ 2 Markov
. [11] . ,
Ito
$dP_{i}=c_{1}P_{1}( \sum_{j=1}^{s}P_{i-j}-\sum_{j=1}^{s}P_{i+j})dt+\sum_{j=1}^{2s+1}\sqrt{c_{2}P.P_{j}}\cdot db_{j}$ (39)
. , $P_{i}=P_{i}(t)$ $i$ $P_{j}=P_{2s+1+j}$
. , $b_{ij}=b_{ij}(t)$ $0$ $t$ 1 Wiener
$b_{ij}(t)+b_{ji}(t)=0$ (40)
. $c_{1}$ $0$
Wright-Fisher . $c_{2}$ $n$ ,
(39) , Lotka-Volterra ( ) .
, .





$dP_{1}=c_{1}P_{1}( \sum_{j=1}^{s}P_{i-j}-\sum_{j=1}^{s}p_{:+j})dt+\sum_{j=1}^{2s+1}\sqrt{c_{2}P_{i}P_{j}}odb_{ij}$ , (42)
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. Wright-Fisher $y_{j^{2}}=P_{j}$
$\sum_{jy_{j}^{2}}^{2s+1}=1=1$ Brown [13]. $L,$ $A,$ $dB$








$dB$ $=$ $\frac{\sqrt{c_{2}}}{2}(\begin{array}{llll}0 db_{12} db_{1m}db_{21} 0 db_{2m}| | \ddots |db_{m1} db_{m2} 0\end{array})$ (43)
. (40) $dB$ . $m=2s+1$
.
3 Stratonovich (42)
$dL=[A, L]dt+[dB, L]$ (44)
.
Lax . $dL$ $0$
,
$\sum_{i=1}^{m}dP_{i}(t)=0$ (45)
. , $c_{2}=0$ Lotka-Volterra Lax $dL/dt=[A, L]$ .
Lax [14] .
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, 4 . 4 ,
, , $i,$ $j,$ $k,$ $l$ $(i, j),$ $(k, \ell)$
: , $ikj$ $\dot{k}$ $p$
. 4 Ito
$dP_{i}=c_{1}P_{i}( \sum_{j=1}^{m}a_{ij}P_{j}-\sum_{j,k=1}^{m}a_{jk}P_{j}P_{k})dt+\sum_{j=1}^{m}\sqrt{c_{2}P_{i}P_{j}}\cdot db_{ij}$ (46)
[11]. $narrow\infty$ , , $c_{2}arrow 0$




$D= \frac{c_{1}}{2}(\begin{array}{llll}\sum_{k=1}^{m}a_{1}{}_{k}P_{k} 0 00 \sum_{k=1}^{m}a_{2k}P_{k} 0\vdots \vdots \ddots \vdots 0 0 \sum_{k=1}^{m}a_{mk}P_{k}\end{array})$ (48)
, 4 Stratonovich Lax .
4 Stratonovich (47)
$dL=[[D, L],$ $L$ ] $dt+[dB, L]$ (49)
.
4 Fisher Lax $dL/dt=[[D, L],$ $L$] .
, $a_{ij}=c_{1}^{-1}\lambda_{i}\delta_{ij}$ Fisher Karmarkar
[11].
[15] . , \langle Fisher
[16] . , Karmarkar












( ) . , ,
, Hamilton
Hamilton Greenspan ( ) .






Ml) . 3 Lotka-Volterra
$\frac{dP_{1}}{dt}=P_{1}(P_{2}-P_{3})$ , $\frac{dP_{2}}{dt}=P_{2}(P_{3}-P_{1})$ , $\frac{dP_{3}}{dt}=P_{3}(P_{1}-P_{2})$ (50)
. $P_{j}\geq 0$ $t$ $j$ .
Lotka-Volterra , [11] ,
$I_{1}=P_{1}+P_{2}+P_{3}=1$ , $I_{2}=P_{1}P_{2}P_{3}$ (51)
. $P_{3}=0$ , $I_{1}=1$ $P_{2}$ ( )
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, $P_{j}>0$ $I_{1}=1$ $P_{3}$ , $q=P_{1},$ $p=P_{2}$ ,
2
$\frac{dq}{dt}=q(q+2p-1)$ , $\frac{dp}{dt}=-p(2q+p-1)$ (52)
. Euler
’
$q_{t+1}=q_{t}+\delta q_{t}(q_{t}+2p_{t}-1)$ , $p_{t+1}=p_{t}-\delta p_{\ell}(2q_{t}+p_{t}-1)$ , (53)
, $\delta$ . $(p, q)=(1/3,1/3)$ . ,
$H_{t}=p_{t}q_{t}(1-p_{t}-q_{t})$ (54)
. $I_{2}$ . ,
1 Euler , $H_{t+1}\leq H_{t}$
, Euler $I_{2}$ . , $p,$ $q,$ $r=1-p-q$
$p^{2}+q^{2}+r^{2}\geq pq+qr+rp$ , , $(p-q)(q-r)(r-p)\leq 0$ . $H_{t}$
, Euler
.
1 $(p, q)$ $0<p,$ $0<q,$ $p+q<1$ Euler
. $(p, q)=(0.6,0.2)$ , $\delta=01$ .
.
, 3 Lotka-Volterra . $I_{1}$
(52) , $I_{2}$ . , ,
2 3 Lotka-Volterra Hamilton .
, (52) $H(p, q)=I_{2}=pq(1-p-q)$
$\frac{dq}{dt}=\frac{\partial H}{\partial p}$ , $\frac{dp}{dt}=--\frac{\partial H}{\partial q}$ (55)
. , Lotka-Volterra Hamilton $I_{1}$




$q_{t+1}=q_{t}+\delta q_{t+1}(q_{t+1}+2p_{t}-1)$ , $p_{t+1}=p_{t}-\delta p_{t}(2q_{t+1}+p_{t}-1)$ (56)
. $q_{t+1}$ implicit scheme .
. , Hamilton $H_{t}$
.
2, 3 . 2 ,
$\delta=0.1$ , .
, . 3 $\delta=1$
. . 1
$(p,q)=(0.6,0.2)$ .
Hamilton , Greenspan Hamilton
. , .
$q_{t+1}$ $=$ $q_{t}+\delta\{q_{t+1}^{2}+q_{n}^{2}+(q_{t+1}+q_{t})(p_{t+1}+p_{t}-1)\}$ ,
$p_{t+1}$ $=p_{t}-\delta\{p_{t+1}^{2}+p_{t}^{2}+(p_{t+1}+p_{1})(q_{t+1}+q_{t}-1)\}$ . (57)
, scheme . Lotka-Volterra [18]
$\frac{P_{1t+1}}{P_{1t}}=\frac{1+\delta P_{2t}}{1+\delta P_{3t+1}}$ $\frac{P_{2t+1}}{P_{2t}}=\frac{1+\delta P_{3t}}{1+\delta P_{1t+1}}$ $\frac{P_{3t+1}}{P_{3t}}=\frac{1+\delta P_{1t}}{1+\delta P_{2t+1}}$ (58)
. .
3 Lotka-Volterra (58) $\delta$
$I_{1\delta}=P_{1t}+P_{2t}+P_{3t}+\delta(P_{1}{}_{t}P_{2t}+P_{2t}P_{3t}+P_{3t}P_{1t})$ (59)
.
$\deltaarrow 0$ $I_{1\delta}$ ( ) $I_{1}=1$ . ,
. $I_{1\delta}$ $P_{3t}$
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$q_{t+1} \frac{1+\delta I_{1\delta}-\delta^{2}q_{t+1}p_{t+1}}{1+\delta(q_{t+1}+p_{t+1})}=q_{t}(1+\delta p_{t})$ ,
$p_{t+1}(1+ \delta q_{t+1})=p_{t}\frac{1+\delta I_{1S}-\delta^{2}q_{t}p_{t}}{1+\delta(q_{t}+p_{t})}$ (60)
. Hamilton $H_{t}$ . , $\delta$
. ,
.
4, 5, 6 scheme . $(p, q)=(0.6,0.2)$
. 4 $\delta=0.1$ , 5 $\delta=1$ ,
. , , $\delta=4$
. ,



















1 : $E1$ $1P-r$ $t_{-}^{S,=\square }$ . 1 2: $-;_{J’i}-\sim\cdot.\cdot.\vee-.-\neg^{\backslash }\llcorner$: -i: $i_{-}^{arrow r_{1=\square }}.$ . 1
3: $L_{-}\cdot!\vee.=--\prime s-$ - $1_{-f}^{\wedge=}-1$
4: $\delta=0$ . 1
5: $\delta=1$ 6: .\acute $\delta=100$
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